We examine a two-dimensional Fermi liquid with a Fermi surface which touches the Umklapp surface first at the 4 points (±π/2, ±π/2) as the electron density is increased. Umklapp processes at the 4 patches near (±π/2, ±π/2) lead the renormalization group equations to scale to strong coupling resembling the behavior of a 2-leg ladder at half-filling. The incompressible character of the fixed point causes a breakdown of Landau theory at these patches. A further increase in density spreads the incompressible regions so that the open Fermi surface shrinks to 4 disconnected segments. This non-Landau state, in which parts of the Fermi surface are truncated to form an insulating spin liquid, has many features in common with phenomenological models recently proposed for the cuprate superconductors.
One of the key issues in high-T c superconductivity is the nature of the anomalous normal state which shows many indices of non-Landau-Fermi liquid behavior. This contrasts with the behavior of many other transition metal oxides which have strongly renormalized Landau-Fermi liquids near to the Mott transition but no superconductivity [1] . Haldane [2] has shown that Landau theory is generally valid in two dimensions. This has led to a search for some instability of the Fermi liquid with increasing electron density in the overdoped cuprates. In this letter we show how Umklapp scattering can cause an instability of the Fermi surface of a 2-dimensional metal as the Mott state is approached. This instability need not involve long range magnetic order but it causes a charge gap and truncation of parts of the Fermi surface. This type of behavior has been documented in a lightly doped 3-leg ladder where the two even parity channels form an insulating spin liquid (ISL) leaving a Fermi surface only in the odd parity channel [3, 4] . Here we discuss how a similar behavior can arise in two dimensions.
We start with a general 2-dim. dispersion relation, for example a form, ε(k) = −2t(cos k x + cos k y ) − 4t ′ cos k x cos k y with t(t ′ ) as (next) nearest neighbor hopping matrix elements. Taking t > 0 and t ′ > 0 and increasing the electron density, n, leads to a Fermi surface which touches the surface at which Umklapp processes are allowed first at the 4 points (±π/2, ±π/2). Following Haldane [2] we divide the Fermi surface into patches and examine the patches near the 4 points (±π/2, ±π/2). These 4 patches on the Fermi surface are connected through Umklapp processes which leads us to examine the renormalization group (RG) equations for the coupling constants. The RG equations have similarities to those for a 2-leg ladder at half-filling which also has 4 Fermi surface points and which are known to scale to a strong coupling solution.
The 4 patches around (±π/2, ±π/2) are sketched in Fig. 1 . The size of a patch is defined by a wavevector cutoff, k c , and within each patch α(α = 1, . . . , 4) the electron energy relative to the chemical potential, µ is expanded as
where q is the wavenumber measured from the center of α-th patch, and q α (q ⊥,α ) is the component of q normal (tangent) to the Fermi surface at the center of the patch. The Fermi velocity is given by v, and the energy cutoff is E 0 = vk c . We define v * = πv/k c , and hereafter take πv * = 1 as the unit of energy.
The linear dispersion relation leads to logarithmic anomalies in the particle-hole (Peierls) and particle-particle (Cooper) channels as in one dimension but the transverse dispersion introduces an infrared cutoff, E T , with a magnitude E T ≈ uk 2 c . The non-interacting susceptibility in the Peierls channel takes the form χ p (ω) = 1/2 ln(max(ω, E T )/E c ). In the parameter region ω > E T , the infrared cutoff from the transverse dispersion can be ignored and a set of RG equations can be derived as in one dimension [5] .
In Fig. 2 we define the normal vertices g 1 , g 2 and g 1r as well as Umklapp vertices g 3 , g 3p and g 3x . Other interactions are not treated here since they are irrelevant within the framework of a one-loop approximation. Summing up all one-loop diagrams, we obtain the RG equationsġ
Hereġ i ≡ x(dg i )/(dx) and x = ω/E 0 .
We take repulsive Umklapp interactions, as g 3 = g 3x = g 3p = U, and treat g 1 , g 2 and g 1r as parameters. The fixed points are obtained by numerically integrating the RG equations. In a substantially wide region around g 1 ∼ g 2 ∼ g 1r ∼ U, we find a strong coupling fixed point where both normal and Umklapp vertices diverge. The corresponding phase diagram is shown in Fig. 3 . The asymptotic behavior of the vertices is given by
such an anomaly at finite ω is an artifact of the one-loop calculation and higher order terms will shift it to ω = 0. Nevertheless, ω c represents the energy scale where the system crosses over from weak coupling to strong coupling. We will explicitly assume that the interactions ∼ U are strong enough so that ω c > E T in which case the existence of a finite curvature becomes irrelevant at the strong coupling fixed point. In contrast, if the system had scaled to weak coupling, then E T would always remain relevant. There is a limit with weak interactions and a dispersion relation with t ′ ≪ t where both conditions,
≪ ω c and U ≪ E 0 , are satisfied and our approach based on one-loop RG equations is justified. We speculate that the qualitative nature of the anomaly obtained in this weak coupling region is also present in the strong coupling region U t, t ′ .
We now discuss the nature of the fixed point through the anomalies in the susceptibilities. Due to the nesting behavior in the non-interacting case, there may exist anomalies in the spin susceptibility (χ s ) and the charge susceptibility (χ c ) at q = (π, π). Within the one-loop calculation, we find
The superconducting susceptibilities for s-, p-and d-wave pairing (∆ s , ∆ p and ∆ d , respectively) also behave as
At the fixed point with strong Umklapp coupling described above, the leading divergence is observed in the spin susceptibility with the exponent α s = −1.782, while the exponents for charge and superconducting susceptibilities are positive so that these susceptibilities do not diverge at the critical point.
The uniform spin (χ s (0)) and charge (κ) [6, 7] susceptibilities are also of interest. As in the case of 1d chain system, we have spin gap behavior when there is a divergence in g 1 and charge gap behavior from g 3 ,
In the present case, both g 1 and g 3 flow to strong coupling which indicates a tendency to open up both spin and charge gaps.
We now compare the present results to those of a two-leg ladder at half-filling. In this case, as Balents and Fisher have shown [8] , there are 9 vertices which are relevant within a one-loop calculation. Again the flow is to strong coupling in backward and Umklapp scattering channels. In this case the properties of the strong coupling fixed point are well established. The system is an insulating spin liquid (ISL) with both spin and charge gaps (C0S0 in the Balents-Fisher notation) and is an example of a short range RVB (Resonant Valence Bond) state first proposed by Anderson for a S = 1/2 Heisenberg model [9] . The spin susceptibility χ s (π, π) is strongly enhanced but remains finite.
In the present case we cannot be sure of the spin properties from the one-loop calculations especially since the spin susceptibility at (π, π) and (0, 0) behave in a contradictory fashion. What is certain is the scaling to strong coupling with diverging Umklapp scat- To examine what happens next we increase the electron density such that there are 8 points on the Umklapp surface which intersect the non-interacting Fermi surface at a finite angle (see Fig. 4a ). This leads us to examine an 8-patch model allowing for Umklapp scattering processes. Within a one-loop calculation, the 8-patch model has 9
relevant coupling constants, defined in Fig. 5 , and their RG equations are given bẏ
g 1r = 2(g 1 + g 2 )g 1r + (g 1x + g 2x )(g 1s + g 1l ),
For Hubbard-like interactions, g i = U, numerical integration shows that the interactions flow to a strong coupling fixed point with divergent g 1 , g 2 and g 3p with prefactors as g 0 1 = 1 3 (−2+ √ 10), g 0 2 = 1, and g 0 3p = 2g 0 3x = 2 3 8 − √ 10, while the other couplings flow to zero. Examining the susceptibilities gives us again the result that the spin susceptibility diverges most strongly with an exponent α s = −g 0 2 = −1 . However the wavevector is no longer (π, π) but the incommensurate wavevector connecting patches that span the Fermi surface. The uniform spin susceptibility χ s (0) diverges to zero but the compressibility κ is not renormalized to this order.
The scaling of the one-loop equations to a strong coupling fixed point, even when we start with a non-interacting Fermi surface, makes it necessary to consider the strong coupling behavior further. The restriction that we found in the 4-patch model, which prevents the Fermi wavevector along (±1, ±1) directions from extending past the Umklapp surface, strongly suggests that this behavior will spread out laterally as indicated in Fig. 4b . Again we can draw a parallel to the slightly doped 3-leg ladder where in strong coupling a C1S1 phase containing an ISL with commensurate filling in the even parity channels remains stable up to a critical density. This contrasts with the one-loop result which gives a C2S1 phase with holes immediately entering both odd and even-parity channels. Actually we can examine the strong coupling limit self-consistently. If we start from a dispersion of the form Fig. 4b in a 8-patch model, then we find that κ → 0. So a lateral spreading of the truncated region of the Fermi surface, as shown in Fig. 4b, is self-consistent.
While a one-loop calculation is of limited validity at a strong coupling fixed point, there are a number of conclusions that can be drawn. First the breakdown of Landau theory, as the system scales to a fixed point with strong Umklapp scattering is certain.
Less certain is the question whether it has long range spin order or not. Even if it has, it is not the essence of the fixed point which is rather the dominance of Umklapp scattering.
The most likely form remains an ISL spreading across the Fermi surface which successively truncates the Fermi surface as shown schematically in Fig. 4b . This is consistent with the result that χ s (0) → 0 always. The condensate is pinned and insulating due to the Umklapp scattering. We note that an ISL, which truncates part of the Fermi surface, is not characterized by any simple broken symmetry or order parameter. It is not amenable to a simple mean field or Hartree-Fock theory since there are no anomalous averages. Also the onset of the ISL is a crossover rather than a phase transition at finite temperature.
Lastly we should remark that the ISL is not incompressible since it can expand or contract laterally by exchanging electrons with the open parts of the Fermi surface.
The Fermi surface in the cuprates has a different form with t ′ < 0 and not t ′ > 0 as we investigated. In this case the Fermi surface first touches the Umklapp surface at the saddle points (π, 0) and (0, π). This leads to complications in the analysis due to the presence of ln 2 (ω/E 0 ) terms in the RG equations which will require additional analysis in the future. Nonetheless the results reported here for the 8-patch model lead us to believe that Umklapp scattering should also cause a truncation of the Fermi surface in this case.
The open Fermi surface will then be 4 disconnected segments centered on (±π/2, ±π/2) as sketched in Fig. 4c , which is similar to the results of a recent SU(2) gauge theory calculation [10] .
If we accept the premise that in the cuprates Umklapp scattering stabilizes an ISL in the vicinity of the saddle points, then there are some interesting consequences. For example, the ISL provides a microscopic justification for some phenomenological models.
Geshkenbein, Ioffe and Larkin [11] proposed a model of preformed pairs in the vicinity of the saddle point but with a very large mass to suppress their contribution to the conductivity in the normal phase. Similarly the ISL can provide a reservoir of pairs that act to induce superconductivity in the open parts of the Fermi surface but with the difference that here electron pairs cannot be scattered into the ISL, only hole pairs. In fact experience with the ISL in the 2-leg ladder shows that it is preferable energetically to add holes in pairs to an ISL. Such processes will then by an efficient mechanism cause pairing on the open segments of the Fermi surface. Also recently Murakami and Fukuyama [12] included Umklapp scattering in a mean field treatment and found that it enhanced d x 2 −y 2 -pairing. In the normal state there is a close similarity to a phenomenological model proposed by Ioffe and Millis [13] , to explain the anomalous transport properties. Here also the Fermi surface segments have usual quasi-particle properties (i.e. there is no spincharge separation) and the scattering rate will vary strongly since Umklapp processes will lead to strong scattering at the end of the segments where they meet the Umklapp surface. These are key features of the phenomenological Ioffe-Millis model. Ioffe and Millis justified their model by a comparison to the tunneling and ARPES experiments [14, 15] which show a single particle gap opening in the vicinity of the saddle points similar to the form in Fig. 4c .
In conclusion we have shown that when the Fermi surface approaches the Umklapp surface, the addition of Umklapp scattering can cause a breakdown of Landau theory.
The Fermi surface is truncated by the formation of a pinned and insulating condensate.
We have given arguments that the spin properties are those of an insulating spin liquid.
This microscopic model has a lot in common with some recent phenomenological models so that we believe it can form the basis for a theory of the cuprates. g 1r g 3p g 3x
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